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A recent result of Shigeyoshi Owa (Math. Japon. 27 (4), (1982), 409416) concer- 
ning the Hadamard product of starlike functions with negative coefficients is 
improved. 0 1985 Academic Press. Inc. 
1. INTRODUCTION 
Let S*(cc, /?) denote the class of functions of the form 
f(z)=z- f a,z” (%I 2 0) 
II = 2 
(1.1) 
which are analytic in the unit disc U = {z: IzI < 1 } and satisfy 
zf’(zYf(z) - 1 
zf’(z)/f(z)+(l-2c() <P7 
ZEU 
where 0 < IX < 1 and 0 < /? f 1. Let C*(cr, /I) denote the class of functions 
f(z) for which zf’(z) E S*(a, b). S*(cr, /3) is called the class of starlike 
functions of order CL and type /? with negative coefficients and C*(cr, /?) is 
called the class of convex functions of order CI and type p with negative 
coefficients. It is easy to see that 
S*(%? B) = S*(a, 9 B) if cr,<a,, 
s*(& B1) = s*(& PA if PI</& 
and 
c*(% PI c c*(@l> B) if a,<~, 
c*c4 PI) = c*t4 82) if BI<b2. 
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Let us define the Hadamard product J’ * g(z) of two power series J‘(z) = 
z - x.,;= z a,,~” (a,, > 0) and g(z) = 2 - C,T= 2 h,z” (h, 3 0) by the power series 
% 
.f* g(z)=z- 1 a,h,z”. 
n==2 
Recently Owa [2, Theorem l] has obtained the following result for the 
Hadamard product of starlike functions: 
THEOREM (Owa). Let the ,finctions f(z) = z - C,“=2 a,,~” (a, >, 0) and 
g(z) = z - C,T= 2 bnzn (b, 30) belong to the classes S*(cc,, /J,) and 
S*(cr,, b2), respectively. Then the Hadamard product f * g(z) is in the class 
S*(a, /?), where c1= min(cr,, czz) and /? = max(B,, /Iz). 
In the present paper we prove the following theorem, and then we 
critically observe that it improves the above stated theorem of Owa: 
THEOREM 1. Let the ,functions 
,f(z)=z- f a,z” (a,, 3 0) 
II = 2 
and 
g(z)=z- f b,,z” 
,I = 2 
(b,, 3 0) 
belong to the classes S*(cc,, /?,) and S*(a,, pZ), respectively. Then the 
Hadamard product f * g(z) belongs to the class C*(cc,, &), where 
c*(%? PO) = (c*(a,, B,)n c*tu2> IL)). 
To prove this theorem we require the following lemmas which are due to 
Gupta and Jain [ 11: 
LEMMA 1. A function f(z) of the form (1.1) belongs to the class S*(a, 8) 
if and only 17 
,z!2 {(n- l)+/Vn+ l-2a)) a,d2P(l --Co. 
LEMMA 2. A function f(z) of the form (1.1) belongs to the class C*(a, /I) 
tf and only tf 
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In view of these lemmas we note that 
2. PROOF OF THEOREM 1 
Since f(z) E S*(CL,, pi) implies f(z) E S*(O, l), we have 
f na, < 1. 
n=2 
Therefore 
na, 6 1, for all n = 2, 3,.... (2.1) 
Similarly we have 
nb, < A for all n = 2, 3,... (2.2) 
In order to establish the required result we need to show that f * g(z) 
belongs to both C*(cc,, pi) and C*(a,, /12). 
By using (2.2) we get 
f, 4@- 1)+P,(n+ l-2%)) urrbrr 
B f {(n- l)+P,(n+ l-2a,)} a, 
n=2 
628,(1-a,), since f(z) E S*(a,, /I,). 
This shows that f*g(z) E C*(cc,, fl,). Similarly, by using (2.1) we can show 
that f * g(z) E C*(a,, b2). 
Hence f * g(z) belongs to C*(al, p,) n C*(a2, j2). 
3. IMPROVEMENT OF OWA'S RESULT 
In this section we consider all the following possible cases and, in each 
case, we observe that our result improves the result of Owa [2, Theorem 
1-J: 
0) al>a2, B,GP2; (ii) aI da,, PI 21J2; 
(iii) alGa2, PIGb2; (iv) a, 2 a2, B, 2- P2. 
We discuss these cases one by one. 
409 ‘I 10,2-Y 
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Cuse (i). In this case C*(r,, fl,) E C*(a,, pZ). Therefore C*(a,, 8,) = 
C*(cc,, /?,). Thus by our result f *g(z) E C*(r,, /J, ), whereas by the result of 
Owa ,f * g(z) E S*(a,, fiz). Since 
our result provides smaller class than the class given by Owa to which 
S * g(z) belongs. 
Case (ii). Similarly in this case, by our result f* g(z)E C*(cr,, fiZ), 
whereas by the result of Owa f’* g(z)ES*(al, PI). Since 
our result provides better estimate in this case also. 
Case (iii). In this case we have C*(a,, pl) G C*(a,, p2) and 
C*(a,, flZ) c C*(a,, p2). Therefore 
C*(ao, PO) = (C*(a,, PII n C*(a,, 8d) s C*(aI, Pd. 
Now by our result f * go C*(a,, PO), whereas by the result of Owa 
f  * g(z) E S*(a,, p2). Since 
our result provides smaller class than the class given by Owa to which 
f  * g(z) belongs. 
Case (iv) Similarly as in case (iii), in this case we have C*(a,, jo) z 
C*(a,, p,). Now by our result f  * g(z) E C*(a,, PO), whereas by the result of 
Owa f * g(z) E S*(a,, p,). Since 
our result provides a better estimate in this case also. 
Hence we conclude that for all values of a,, az, p1 and p2, our result 
improves the result of Owa [2, Theorem 11. 
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